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Abstract

In this article, a framework for the joint modelling of default and
recovery risk in a portfolio of credit risky assets is presented. The
model especially accounts for the correlation of defaults on the one
hand and correlation of default rates and recovery rates on the other
hand. Nested Archimedean copulas are used to model dilerent de-
pendence structures. For the recovery rates a very flexible continuous
distribution with bounded support is applied, which allows for an e [=—1
cient sampling of the loss process. Due to the relaxation of the constant
40% recovery assumption and the negative correlation of default rates
and recovery rates, the model is especially suited for distressed mar-
ket situations and pricing of super senior tranches. A calibration to
CDO tranche spreads of the European iTraxx portfolio is performed to
demonstrate the fitting capability of the model. Applications to delta
hedging as well as base correlations are presented.
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1 Introduction

Standard copula models for pricing collateralized debt obligations (CDOSs)
assume a constant recovery rate of 40%. While this assumption might work
quite well in normal market situations, in distressed markets, as observed
since the 2" half of 2007, this assumption is not justified anymore: First,
standard copula models, like the Gaussian copula model introduced by Li
(2000), often show a bad performance in times of high tranche spreads. Sec-
ond, in 2008 it was temporarily not possible to calibrate the standard Gaus-
sian base correlation model to the complete set of CDX and iTraxx tranche
quotes. And finally, non-standardized super senior tranches (60% — 100%)
have a fair spread of zero in standard market models while being traded on
the market with a positive spread of up to 25 bps during distressed market
situations.

Nevertheless, only very few CDO models with stochastic recovery exist.
The first one was introduced in Andersen and Sidenius (2004). In this ar-
ticle, an extension to the Gaussian copula model is presented by assuming
a stochastic recovery related to the systematic factor driving the default
events, explicitly allowing for an inverse correlation between recovery rates
and default rates. To be more precise, the recovery rate of an obligor in
case of a default in this model is given by an application of the normal
cumulative distribution function (cdf) on a normally distributed random
variable which is correlated with the default triggering variable through a
common systematic factor. In a numerical examination the authors noted
that the base correlation skew e [edt of random recovery is quite minor and
hence the random recovery approach was not further investigated. Due to
the credit market crisis, recently some articles on using stochastic recovery
rates in CDO pricing have been published. Krekel (2008) uses a discrete
stochastic recovery rate in a Gaussian base correlation setting to overcome
the problem that super senior tranches in a standard Gaussian base cor-
relation model have zero fair spread. In this model the discrete recovery
rates are defined as constants on buckets of the default triggering factors,
i.e. the recovery rate is a step function of the default triggering variable.
In the empirical part a recovery rate distribution with only four possible
realizations (60%, 40%, 20%, and 0%) is used. Amraoui and Hitier (2008)
extend the approach of Krekel (2008) by modelling the recovery rate as a
deterministic function of the systematic risk factor of the default triggering
variable. Ech-Chatbi (2008) uses a multiple default approach (similar to
Section 6.1.3 in Schonbucher (2003)), where the recovery is lowered by a
random factor each time a default event occurs. Hence, the recovery rate
process is some geometric compound Poisson process where the current re-
covery rate is multiplied by a random variable, e.g. beta distributed or
log-gamma distributed, each time a default event occurs. One feature that
all these models have in common is that they rely on the assumption of a



Gaussian copula, which might not be appropriate, especially in distressed
market situations, as Gaussian copulas don’t support tail dependences.
The aim of this article is a joint modelling of default and recovery risk in
a portfolio of credit risky assets, especially accounting for the correlation of
defaults on the one hand and correlation of default rates and recovery rates
on the other hand. Nested Archimedean copulas as proposed in Hofert and
Scherer (2008) are used to model di [erent dependence structures. However,
this concept is not applied to model diLerknt default dependences for firms
in the same sector and firms from di [erknt sectors as in Hofert and Scherer
(2008), but rather to model dependences between default triggers (inner de-
pendence) as well as between default triggers and loss triggers (outer depen-
dence). Furthermore, a very flexible continuous recovery-rate distribution
with bounded support on [0, 1] is chosen, which allows for an e [cieht sam-
pling of the loss process. This is especially important as in most cases the
loss process distribution will not be given in closed form.

The organization of the article will be as follows: The modelling framework
is introduced in Section 2. Section 3 contains the payment streams of all
considered credit derivatives. Section 4 discusses exchangeable and nested
Archimedean copulas as a concept of dependence modelling, while in Section
5 a concrete choice for the recovery rate distribution is given. A calibration
procedure and a numerical example with market data are presented in Sec-
tion 6. Section 7 shows how to extend the concept of base correlations to
the presented modelling framework. Section 8 concludes.

2 Modelling Framework

In the following a probability space (Q, FF@I is assumed, where Q denotes
some given pricing measure and F = . ,F¢, Ft [Bi+1. Consider a
portfolio of I credit risky assets with payment streams depending both on
the default status and on the recovery rate in case of default.

The default times T, i = 1,...,1, are assumed to follow a default intensity
model with Aj(t) denoting the F¢-measurable default intensity of firm i at
time t. The survival probabilities in this model are given by

1 1

pi®) = QG > ) = E edo " (] )

and the default probabilities are denoted by pj(t) = 1 — pi(t). According to
p.183 of Bielecki and Rutkowski (2004) or p.122 of Schonbucher (2003), Tj
can be constructed in the canonical way as follows: Let UP denote a random
variable uniformly distributed on [0, 1] and independent of F, then

J 1 (]
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The recovery rates R; in case of a default event are given by 1—LGDj, where
the losses given default, LGD;j, are assumed to be identically distributed
according to a distribution function F with support [0, 1]; if no default has
taken place, R; is set equal to 1. This choice is arbitrary as the recovery
rate is only of importance for defaulted assets. Hence, the recovery rate of
firm i is given by ]

1-LGD; if =T

Ri = 1 else

Assuming UL to be uniformly distributed on [0, 1] and independent of F, one
can set LGD; = F—(UL) and R; = h(Ul) with F— :=inf{z : F(z2) = x}
denoting the pseudo-inverse of F and

1 .
1-F(x) if5<=T

h(x) = 1 else

Setting e.g. F—(X) = 0.6 for x [(0,1) leads to the standard case of a con-
stant recovery of 40%.

To introduce dependence between diLerent firms on the one hand and be-
tween recovery rates and default rates on the other hand, a certain de-

pendence structure between the trigger variabﬁ UiD, UiL, i=1,..., Ids
assumed. The joint distribution of the vectpr; UP,...,UP,Ur,... By is
assumed to be given by some copula C, i.e. UP,...,UP, UL ... ;U [T

E.g. in the standard Gauss copula model with constant recovery as intro-
duced in Li (2000) C would simply be a Gaussian copula with correlation
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correlation coe [cieht p =0, and F—(x) = 0.6 for x [(0,1).

To allow for dilerknt dependence hierarchies, C is chosen to belong to the
class of nested Archimedean copulas in what follows. The concept of pricing
CDO tranches using exchangeable Archimedean copulas was introduced in
Schonbucher and Schubert (2001). Hofert and Scherer (2008) extended the
approach by using nested Archimedean copulas to introduce di Lerent default
correlations for dilerent industry sectors. This concept will be extended to
allow for additional dependence between default rates and recovery rates in
what follows.

The most important quantity for pricing portfolio-credit derivatives as well
as for risk management purposes is the portfolio-loss process L(t) which can
be easily derived once the default process, loss given default, and nominal



of each asset in the portfolio are known. Unfortunately, the distribution of
the loss process is generally not known in closed form. In some cases, e.g.
exchangeable Archimedean copulas with constant recovery (see Proposition
10.7 in Schonbucher (2003)), the portfolio-loss distribution can be approx-
imated by a conditional independence approach. Nevertheless, as long as
the occurring processes can be sampled e Lciehtly, it is possible to price
portfolio-credit derivatives via a Monte Carlo approach.

3 Portfolio CDS and CDO tranches

In the following, the payment streams and pricing formulas of portfolio CDS
and CDOs are presented. To accomplish this, consider a portfolio of I
obligors, where each obligor contributes the same amount to the notional.
For ease of notation a notional of 1 is assumed in what follows. The time to
maturity is denoted by T. For the pricing of CDS and CDOs the payment
streams of two dilerent legs, the premium and the default leg, have to
be considered. Premium payments are made at predefined dates given by
the payment schedule T = {0<t; <...<t, =T} Note that a default
event can happen at any point in time in the interval [0, T]. To simplify
computations, all default payments between two premium payment dates
are defered to the next scheduled payment date. Furthermore, to account
for accrued interest, defaults are assumed to happen in the middle of two
scheduled payment dates, i.e. at (tx_1 +tx)/2 for a default event in [t_1, ty)
with k = 1,...,n and tg = 0. Both portfolio CDS and CDO tranches are

credit derivatives with the portfolio-loss process L(t) given by
1 L
L(t) = T 1<y LGDj, t [0, T]

i=1

as underlying. The basic idea of a CDO is to pool the risky assets and
resell them in slices, the so-called CDO tranches. The loss aledting tranche
J 1,...,J3} with lower and upper attachement points I and uj, 0 =1; <
uy=Ihh<...<uj_1=I13<uj <1, isgiven by

L (t) = min{max{0, L(t) — ;},uj — I;}, t L0, T].

With each default the nominal of the portfolio of obligors is reduced by 1/1,
i.e. the remaining nominal of the portfolio CDS is

1
N(t)=1_|_ 1{Ti§t}’ t I:B],T]

i=1

For tranche j [C{1,...,J} the remaining nominal is given by
Nj(t) = u; — I — L (), t LIQ, T].

4



With sP°P® denoting the annualized portfolio-CDS spread, d(t) the discount
factor for the period [0,t] at time 0, and Aty = (tx —tx_1), Kk =1,...,n,
the time between two subsequent scheduled payment dates, the expected
discounted premium and default leg of a portfolio CDS are given by

[ 1
EDPLr(s{P%) =E  d(t)sh P At (N (ti) + (N (tk—1) — N (1)) /2)
k=1
3)
and ] L1
1
EDDLy =E  d(t) (L(tx) — L(tc_1)) 4)
k=1

respectively. For the j-th tranche of a CDO, the expected discounted pre-
mium and default leg are given by

EDP Ly ;(s$P°
=76 ]
r— 1 DO
=E d(t)stj Atk (Nj(tk) + (Nj(tk-1) = Nj(t)) 72)  (5)
k=1
with S%'J?O denoting the annualized spread of tranche j and
1 1
r 1
EDDLt; =E d(ti) (Lj(t) — Lj(tc—1)) (6)
k=1

respectively. It is market standard to quote the equity tranche, i.e. the most
subordinated tranche, with an upfront payment (percentage of the nominal)
and a fixed running spread of 500 bps, i.e.

EDPLr,1(s¥2° :Esl‘{?o(ul — 1% -
1
+E d(tx)0.05At, (N1 (tk) + (N1 (tk_1) — N1(t)) 72) ,
k=1

where s§9© denotes the upfront payment.

The fair spreads of both portfolio CDS and CDO tranches can now be com-
puted by equating the expected discounted premium and default leg and
solving for the spread.

4 Archimedean Copulas

In this section, the basic concepts of exchangeable and nested Archimedean
copulas, which will be used to create dependence between defaults of di [ert
ent firms as well as between default rates and recovery rates, are repeated.
A general introduction on copulas is, e.g., given by Joe (1997) or Nelsen



(1998). One of the main properties of Archimedean copulas is that they
are fully specified by some generator function. Furthermore, Archimedean
copulas are flexible to capture various dependence structures, e.g. tail de-
pendence. Applications of Archimedean copulas in financial modelling can
e.g. be found in Schonbucher (2003) or Cherubini et al. (2004). In the
last years, nested Archimedean copulas, which extend the concept of ex-
changeable Archimedean copulas by allowing for some asymmetries, have
become quite popular in financial market applications (see e.g. Savu and
Trede (2006) or Hofert and Scherer (2008)). Exchangeable Archimedean
copulas are defined as follows.

Definition 1. An I-dimensional exchangeable (i.e. distributionally invari-
ant under permutations) Archimedean copula is given by

C(u) = C(uy, ..., ur; Po) = by L [Po(ur) + ... + do(ur)], u C10,1]",

where the generator ¢ : [0,1] B [0, oo] is a continuous and strictly decreas-
ing function, which satisfies ¢o(1) = 0.

According to Kimberling (1974), C defines a proper copula if and only if the
inverse of the generator ¢51 is a completely monotonic function, i.e.

k
(—1)"3?4)51(0 >0, k [N, t>0.

Following Bernstein’s Theorem (see, e.g. p. 439 of Feller (1971)) the class
of completely monotonic functions ¢51 on [0, o) with ¢51(0) =1 coincides
with the class of Laplaﬁﬁtieltjes transforms of distribution functions G
on [0, o), i.e. ¢51(s) = , e73¥dG(x) for s = 0. Using this representation,
Marshall and Olkin (1988) presented an e [cieht algorithm for sampling from
multi-dimensional exchangeable Archimedean copulas under the assumption
that G is known.

Algorithm 1.
1. Sample from a random variable V [GI
2. Sample from i.i.d. random variables X; CUhif[0,1], i [C1,...,1}.
3. Return the random vector (Uq,...,U;) with U; = ¢51 (= log(Xi)/V).

A more flexible multivariate Archimedean copula can be constructed by the
nesting of generators. These copulas allow for dilerent degrees of positive
dependence in di Lerkent margins.



Definition 2. An I-dimensional partially nested Archimedean copula is
given by
C(u) = C(CISIJ b ,Uid,; §1) , . C(UHL---ELinHiq)H);q)o)
= ¢o % &y [d2(unr) + .. +¢1(U1d1)] +

%H[@—&th .+ On (Upg ]

= ¢t bo ot $n (Unk)

h=1 k=1

with un C00,1], h C43,...,H}, k 43,...,dn}, and I_Eldh =1.

Here, dn, denotes the dimension of the h-th subgroup. This is a copula if all
o ° q)gl have completely monotonic derivatives (see McNeil (2008)). In the
special case that the generators belong to the same one-parameter family of
Archimedean copulas, i.e. &y = ¢g(+;0p), it is often su [cieht to claim that
8o < 6nh, h [HW,...,H}, with 8, denoting the parameter corresponding
to ¢n, h CED,...,H} (see Hofert (2008)). This assumption will be used
throughout the remainder of the article.

Based on Algorithm 1, McNeil (2008) suggested an algorithm for sampling
from partially nested Archimedean copulas. This algorithm applies Algo-
rithm 1 iteratively by sampling from distribution functions associated with
Laplace-Stieltjes transforms which are the inverses of the generators denoted
by ¢o(:;81). Here, G again denotes the distribution function with Laplace-
Stieltjes transform ¢y (:; o).

Algorithm 2.
1. Sample from a random variable V. [GI

2. For h {1,...,H} sample from a random vector

(Xh1, -y Xndy) CCIUR1, - .., Ung,,; $o(:; 6n))
according to Algorithm 1.

3. Return the random vector (Uyy, ..., Unq,) With
Unk = g (= 10g(Xnk)/V), h C,...,H}, k CL,...,dn}.

Assuming a homogeneous portfolio in the modelling framework from Section
2, the properties of Archimedean copulas can be used to get the following
results (for the first result see also Section 10.8 of Schonbucher (2003)).

ﬁeorem 1. Let C dengtg the Archimedean copula of the random vector

UP,...,UP, UL, ..., UL and Ai(t) =9 Aj(D), i,j CHL,..., 1}, t 0, T,
the default intensities from Equation (1).



1. The default correlation between any two firms k and | is given by

p(t) = Cor(lfr.<tys L{r<t)
Cra(P(D), p() — P*(V) _ ¢~ [20(p(1))] — (1)
p(t)(1 —p(1) pOA—p®)
where Cy is the (k,1)-th bivariate margin of C with ¢ denoting the

respective generator.! For copulas with existing upper tail dependence
parameter Ay, the default correlation p(t) converges to Ay for t — 0.2

2. The expected portfolio loss up to time t is given by

E[L(t)] = p(H)(1 — Reonst)
with Rgonst denoting the expected recovery in case of default.

3. The portfolio-loss process distribution can be approximated by

AL

= Lpev.v O)-E[LGD, Vv Lj<x} AG(V )AGP (V P)dGH (v H)

with

P(t,V,VP) =1 — gV on(e %01
and V [GlL VP [CGP, and V- [CGI denoting the mixing variables
from Algorithm 2 and the call of Algorithm 1 in Algorithm 2 respec-

tively.
Proof. See Appendix A. O

Unfortunately, for most choices of the recovery rate distribution, there will
be no closed-form approximation for the loss distribution. Nevertheless, if
e [cieht sampling strategies from the recovery rate distribution are known,
Monte Carlo techniques can be applied to price derivatives of the loss pro-
Cess.

5 Recovery-rate Distribution

As long as there are no liquidly traded credit derivatives on pure default-
event risk, e.g. digital default swaps, or on pure recovery risk, e.g. recovery
swaps, it is not possible to infer default intensities from credit derivatives

!Note that for k and | from the same subgroup h it holds that ¢ = ¢, while for k and
| from di [erent subgroups it holds that ¢ = ¢o.

2The upper tail dependence parameter of two random variables X; and X, with dis-
tribution functions F, and F» is defined by Ay := limq_1 Q(X2 > F5~ (@)]X1 = F; (0)),
provided the limit exists (see e.g. McNeil et al. (2005)).



without making an assumption on recovery rates. Therefore, while choosing
the recovery-rate distribution, one has to ensure that the assumptions made
in the pricing of correlation-insensitive credit derivatives used for the deter-
mination of default intensities are not violated in the model for correlation-
sensitive products. For this, the average recovery rate is assumed to equal
the constant recovery rate, Reonst, Used for bootstrapping the default inten-
sities from portfolio-CDS quotes, i.e.

E [RilTi = t] = Rconst- (7

Using standard assumptions this means that the recovery distribution con-
ditioned on default has to have an expectation of 40%. Otherwise the model
is not consistent with the portfolio-CDS pricing.

The beta distribution, which is often used for recovery rates / loss given
defaults (see e.g. Section 6.1 of Schonbucher (2003), Schuermann (2004),
or Gupton and Stein (2005)), is numerically too expensive for Monte Carlo
pricing (for the cdf and inverse cdf the incomplete beta function has to
be evaluated numerically). Therefore, the Kumaraswamy distribution (see
Kumaraswamy (1980)), which is a special case of McDonald’s generalized
beta distribution (see e.g. McDonald (1984) or Johnson et al. (1995)), is
more suitable for Monte Carlo applications and hence chosen as marginal
distribution for the loss given default. Its density is given by

ficum () = abx®1 (1 — x®)"1,

where 0 = x < 1 and a,b > 0. The Kumaraswamy distribution has simi-
lar properties as the beta distribution: it is a continuous distribution with
bounded support showing a high degree of flexibility by supporting bimodal
as well as unimodal and skewed, J-shaped, U-shaped, and uniform densities
(see Figure 1).

In contrast to the beta distribution it has a closed-form cdf and inverse cdf
given by

Frum(X) =1 — (1 —x?)°

and ]
From() = 1—(1—x)1’b@°‘. (8)

Other possible continuous distributions with bounded support for the loss
given default that show a similar degree of flexibility would be the two-
sided power distribution as proposed by Kotz and van Dorp (2004) or the
Vasicek distribution (see Vasicek (1991)). The two-sided power distribution
has similar properties as the Kumaraswamy distribution but a peak at its
mode (antimode), whereas the Vasicek distribution has the drawback that
for its cdf and inverse cdf the normal cdf and inverse cdf have to be evaluated
numerically.



Figure 1: Kumaraswamy densities for di [erent parameter constellations.

To ensure that condition (7) is fulfilled the parameters a and b have to be
chosen such that the expectation of the recovery rate conditioned on default
is equal to 40%, i.e. the expectation of the loss given default conditioned on
default is equal to 60%. Therefore, set (see McDonald (1984))

1

1
E[LGDilti<T]=bB 1+ a,lo =0.6, 9)
where B(a,b) = I?xa—l(l — x)~1dx denotes the incomplete beta function.
The remaining degree of freedom can be resolved e.g. by choosing the sec-
ond parameter such that the recovery distribution matches the empirically
observed standard deviation (e.g. 20% as in Altman and Kishore (1996)),

i.e.
1

— i ) i i 1 =1
OLgp ;= Var[LGDj|;i=<T]= bB 1+ E’b —-’B 1+ E’b =0.2.
(10)
This leads to a Kumaraswamy distribution with parameters a = 2.65 and
b = 2.13 for the loss given default with density as given in Figure 2.
By choosing other parameter constellations that fulfil Equation (9), one can
vary the shape of the distribution. Another possibility would be to calibrate
the second parameter to the market quotes of CDO tranches.

6 Model Calibration and Empirical Results

In this section, a procedure to calibrate the model to market data is pre-
sented and a numerical example of the model’s fitting capability using iTraxx
Europe data is given. First of all, portfolio CDS and CDO tranches are
priced using the results from Sections 2 - 5.

10
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Figure 2: Density of Kumaraswamy distribution with parameters a = 2.65
and b =2.13.

6.1 Pricing and Calibration Algorithm

Assuming deterministic discount factors, Equations (3) and (4) only require
the computation of the expected portfolio loss and the expected remaining
nominal at time t, which are given by

1 — Reonst 1 1 L
ELL®]= " p@®and EN®I=]  p(.
Therefore, the model spread of a portfolio CDS can be obtained by equating
Equations (3) and (4) and solving for s"°P°  i.e.
EDDL
pCDS,model _ T
ST EDPL(1) (11)

Here, the linearity of the premium and the default leg in the loss process
is used. Unfortunately, premium and default leg for a CDO tranche are
non-linear functions in the loss process. Therefore, a straightforward calcu-
lation of the expected discounted premium and default leg is not possible.
Nevertheless, the following algorithm shows how to price CDO tranches in
the modelling framework presented above via Monte Carlo simulation.

Algorithm 3. Pricing CDO tranches via Monte Carlo simulation.

1. Let T denote the maturity, T ={0 <t; <...<t, =T} the payment
schedule, Aj(t) the default intensity of firm i, I the number of firms,
Reonst the constant recovery rate used for bootstrapping default intensi-
ties from portfolio-CDS spreads, and d(tx) the discount factor at time
ty with Kk = 0,...,n and tg = 0. Choose the number of simulation
runs M, the attachement and detachement point I; and u; of tranche
j, and a copula C with parameter vector 6.

11



2. Monte Carlo simulation:

(@) Sample A" (t,) and compute A™(t,) = e~ ™ (syas for k =

0,...,n,i=1,....,1,andm=1,...,M.

..........

umn U. y, of U is a sample of the chosen copula C.

(c¢) Compute the default times Ti(m) for each firm i [{1,...,1} and
Monte Carlo runm [{1,...,M} via Equation (2) using /\i(m)(tk)
and U; iy from steps 2(a) and (b).

(d) Compute the loss given default for each defaulted firm via

(m) 1 = -
I_GDI ITi<m)§T = FKUm FglLi,-lTi(')sT U|+i,m‘Ti(m)§T (12)
with P?-lﬂ,-n{')g denoting the empirical cdf of U . ¢ ; and

F<l the inverse cdf of the Kumaraswamy distribution from Equa-

Kum
tion (8). Here, Ul+i,-\ri(')§T denotes the subsample of all Uj+im
for which t™ < T.

(e) Define the recovery rate of firm i as
1
E-LeD™| m_, ift™ =T

R™ = | 13
i = (13)

1 else

(f) Compute the loss process L(™)(t,) for t, [T according to

(m) _1 L (m)
i=1 =

(g) Compute for each tranche j [{L,...,J} and each t, [T the
loss alecking tranche j, L}m)(tk), and the remaining nominal in

tranche j, Nj(m)(tk), via
L{™ () = min{max{0, L™ (t) — i}, uj — I;}

and
N{™ () = uj — 1 — L™ (1),

3. Compute for each tranche j [{L,...,J} and each Monte Carlo run
the discounted premium and default legs and estimate their expecta-
tions EDP Ly j(1) and EDDLy; from Equations (5) and (6) by their

12



sample means EDP L j(1) and EDDL7y ;.
Determine the fair spread of tranche j [{2,...,J} via

ﬁ)o,model — EDDI—T,j

EDPL1;(1)
and ﬁo'mo‘je' via
I
ﬁo,model — 1 EDP LT,l(l)
' 4t —h [TT1
r— 1
—E d(tx)0.05At, (N1(tk) + (N1(tk—1) — N1(tk)) 72)
k=1

With these pricing routines, the model can now be calibrated to market
pCDS,market

quotes of portfolio-CDS spreads st and CDO tranche spreads
s¢PO-market \§ — 1 .. J. Since default intensities are specified indepen-

de'rj1tly from the dependence structure in the modelling framework presented
above, the default-intensity process can be fitted to portfolio-CDS quotes
in a first step and then the copula parameter vector 8 can be fitted to the
dependence structure induced by market quotes of CDO tranches. The for-
mer can be done by adjusting the default-intensity parameters such that the
model spread in Equation (11) equals the market spread. For the latter the
di Lerence in model and market CDO tranche spreads has to be minimized
over the Copula parameter vector 6. Since the equity tranche is quoted in
terms of an upfront payment and not in terms of a running spread as the
other tranches, care has to be taken when comparing pricing errors of dif-
ferent tranches. Accounting for this and the fact that the highest spread
is paid for the equity tranche, the model is calibrated by minimizing the
deviation of market and model spreads for tranches j = 2,...,J provided
that the model upfront payment matches the market upfront payment up
to a certain accuracy [Teflecting bid-ask spreads, e.g. [ 10~ (see e.g.
Hofert and Scherer (2008)). Therefore, the following optimization problem
has to be solved:

i& Q
mein D, := 3%)o,model_S%)o,market (14)

i
—— DO, model CDO,market@
st. Dy = %J —s7; L]

where the minimization is taken over the involved copula parameter vector
0.

6.2 Calibration Results

The following numerical example shows that already in a very simple form
the model fits market data quite well and leads to significantly smaller pric-

13



ing errors compared to a standard Gaussian copula model. The following
simplifying assumptions are made:

As the main focus of this article is on the modelling of recovery rates, the de-
pendence between defaults, and the dependence between default rates and
recovery rates, a homogeneous portfolio with constant default intensities
Ai(t) = Ais assumed. Of course this framework could be easily generalized
to the case of time-varying or stochastic default intensities.

Furthermore, three di [erknt parametric copula families with parameter vec-
tor 8 will be compared for modelling dependence between default and loss
triggers: Gaussian (Ga), Gumbel (Gu), and outer power Clayton (opC) cop-
ula. Each copula is tested in its exchangeable form with constant recoveries
and in its nested form with stochastic recoveries. For the latter this means in
terms of Section 4, H = 2, d; = d, = 125 (iTraxx standard), 6 = (6, 61, 82),
where the copula generators are given by ¢&q(+;80), ¢o(+;61), and do(:; 82).
Gumbel and outer power Clayton (with additional parameter 8.) have been
chosen from the family of Archimedean copulas, since they have shown con-
sistently the best fitting results in the case of constant recovery rates (see
Hofert and Scherer (2008)). These two copulas are compared to the Gaus-
sian copula as a benchmark which is still some kind of market standard.
Table 1 contains the parameter ranges, generator functions and inverses,
and lower and upper tail dependence parameters of the considered copulas
(see, e.g. Hofert and Scherer (2008)).

Table 1: Copula properties.

Family | 0 do(D) ) AL AU

Gauss | [—1,1] - 1 rn © 0
Gumbel | [1,00) | (—log(t))® | exp —t~s 0 |2-28
opC | [L,00) | (t % —1)8 | (1+1t6) % |2 ®c | 2—28

To keep the dimension of the optimization problem small, the inner copula
parameters, describing the dependence among default triggers and the de-
pendence among loss triggers, are assumed to be identical, i.e. 8j := 61 = 0,.
DiLerknt correlations for dilerkent industry sectors are also not under con-
sideration here. This could be easily done as an extension of the model by
adding another hierarchy level to the model. Furthermore, the additional
parameter of the outer power Clayton copula is set to 8. = 0.1 (see Hofert
and Scherer (2008)). Hence, the calibration to the market quotes of CDO
tranches reduces to a two-dimensional optimization problem over the pa-
rameter vector 8 = (Bout, 0in) With 8oyt := 89 denoting the outer copula
parameter.

The investigated dataset consists of portfolio-CDS and CDO market quotes
of the 8™ and 9™ iTraxx Europe series between February and July 2008.
Portfolio-CDS spreads and spreads of the first five CDO tranches with
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detachment and attachment points given by [0%, 3%], [3%, 6%], [6%, 9%)],
[9%, 12%], and [12%, 22%] with a maturity of 5 years are used. According
to the iTraxx Europe convention a quarter-yearly payment schedule T is
used, i.e. n =4T and T = 5. The portfolio consists of I = 125 companies.
Five dilerknt, randomly picked trading days were chosen to test the mod-
elling approach (22/02/2008, 31/03/2008, 02/05/2008, 27/06/2008, and
25/07/2008). In the following only the results for 02/05/2008 are discussed
in detail. As all other results are quite similar they are deferred to Appendix
B. The portfolio-CDS spread at this date was 63.74 bps, which leads to a
constant default intensity of A = 0.0106. This corresponds to a five-year
default probability of p(5) = 5.17%.

First of all, the model is calibrated to the market spreads. Table 2 contains
the calibrated parameters 6 = (8out, 6in) and the default correlation p(5) ac-
cording to Theorem 1. In addition to that, the average correlation between
default rates and recovery rates @2 (5) is reported. Of course, in case of
deterministic recovery rates @2R(5) is not well-defined.

Table 2: Calibrated parameters and correlations for 02/05/2008.
‘ Model ‘ Bin ‘ Bout ‘ p(5) ‘ FEB(S) ‘

Ga det 0.34 12.93% -
Gasto | 0.28 \ 0.24 | 8.40% | -43.35%
Gu det 1.26 26.06% -
Gu sto | 1.19 \ 1.11 | 20.68% | -29.03%
opC det 1.25 25.77% -
opC sto | 1.16 \ 1.16 | 18.49% | -48.39%

Table 3 contains the market and model upfront payment (in %) for tranche
1, the market and model spreads (in bps) for tranches 2 - 5, and the pricing
errors D, (see Equation (14)) and D%®', where D% is D, divided by the
sum of market spreads of tranches 2 - 5, i.e.

II‘%Do,model _ SCDO,marketﬁ

=2y T.j

'—J—'SC DO, market
J=2°T,j

rel .—
DSl =

By introducing additional dependence between default rates and recovery
rates, the default correlation gets lower and the pricing error smaller across
all models. For the Gaussian model this gain in performance is the smallest.
Both the Gumbel and the outer power Clayton model can generate higher
default correlations than the Gaussian model, which leads to consistently
lower pricing errors. A possible explanation for this observation is the posi-
tive upper tail dependence of both Gumbel and outer power Clayton copula
compared to the zero tail dependence of the Gaussian copula. Nevertheless,
the outer power Clayton model needs a much higher correlation of default
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Table 3: Market and model spreads for 02/05/2008.
| Model [0—3% [3—6% |6—9% |9—12% |12—22% | D, | D& |
Ga det | 29.59% | 496.48 | 250.50 142.08 53.12 411.87 | 77.67%
Gasto | 29.68% | 488.42 | 241.94 | 137.92 52.90 390.86 | 73.70%
Gu det | 29.63% | 278.80 | 150.14 104.52 65.00 68.15 | 12.85%
Gu sto | 29.60% | 256.67 | 138.64 97.59 61.27 37.18 | 7.01%
opC det | 29.69% | 285.15 | 152.87 107.70 64.86 80.26 | 15.13%
opC sto | 29.66% | 270.51 | 142.35 97.73 59.98 48.43 | 9.13%
Market | 29.65% | 259.09 | 122.55 101.83 46.84 - -

rates and recovery rates (with only a slightly lower default correlation) as
the Gumbel model to generate similar fitting results. The absolute (rela-
tive) error for tranches 2 - 5 in the Gumbel model is 37.18 bps (7.01%).
This result seems to be quite good especially as the sum of bid-ask spreads
of tranches 2 -5 on this date is already 34.56 bps (6.16%). Since the Gumbel
copula shows consistently better calibration results compared to the outer
power Clayton copula, the following analyses will be restricted to a com-
parison of Gaussian and Gumbel copula, both with and without stochastic
recoveries.

6.3 Parameter Sensitivity

In the next step, the sensitivity of the tranche spreads in dependence of the
copula parameter vector 8 is investigated, while all other parameters are
set to the calibrated values from Subsection 6.2. For the Gumbel copula
model it can be seen from Figure 3, that for tranches 1 and 2 the spread or
upfront payment respectively decreases with increasing dependence param-
eters, whereas for tranches 4 and 5 the opposite holds true, i.e. holders of
tranche 1 and 2 are short correlation, holders of tranche 4 and 5 are long cor-
relation. In tranche 3 things are a bit di[erent. While the spread decreases
with increasing outer dependence parameter 8., it first increases with in-
creasing inner dependence parameter 8;, until it reaches its maximum and
decreases afterwards. Across all tranches the inner dependence parameter
which drives the default correlation as well as the correlation of loss triggers
has the higher impact on the tranche spreads. The outer dependence pa-
rameter which drives the dependence of default rates and recovery rates has
its highest impact on the equity tranche. This e [edt can also be observed
in the Gaussian model, but with a lower impact compared to the Gumbel
case.

For the Gauss copula model it can be seen from Figure 4, that for tranches
1 and 2 the spread or upfront payment respectively again decreases with
increasing dependence parameters. For tranches 3 - 5 the spread increases
with increasing 6j, until it reaches its maximum and decreases afterwards.
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Figure 3: Upfront payment and tranche spreads for Gumbel model in de-

pendence of 6 = (Bout, Bin) (02/05/2008).
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Figure 4: Upfront payment and tranche spreads for Gauss model in depen-

dence of 8 = (Bout, Bin) (02/05/2008).
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Figures 5 and 6 show the default correlation p(5) and the average correla-
tion between default rates and recovery rates @2R(5) in the models with
Gumbel and Gauss copula. As expected the default correlation increases
with increasing inner dependence parameter 0;,, while the main driver of
AP R(5) is the outer dependence parameter Boyt.

Figure 5: p(5) (left) and @2:R(5) (right) for Gumbel model in dependence
of 8 = (Bout, Bin) (02/05/2008).
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Figure 6: p(5) (left) and @PR(5) (right) for Gauss model in dependence of
8 = (Bout, Bin) (02/05/2008).

Besides on the copula parameter vector 6 = (8out, 8in), the tranche spreads
also depend on the parameters of the recovery distribution a and b. So far
they have been chosen such that Equations (9) and (10) are fulfilled. While
one parameter has to be determined by Equation (9) to ensure consistency
with portfolio-CDS pricing, the other parameter can be chosen arbitrarily.
Figure 7 shows the tranche spreads for the Gauss and the Gumbel copula
model and the loss given default standard deviation o, gp from Equation
(10) for dilerent values of a while all other parameters are set according
to the calibration at 02/05/2008. With an increase of the parameter a the
parameter b increases as well to ensure the constant loss given default expec-
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tation. Furthermore, the distribution changes from U-shaped to J-shaped
to unimodal and finally to a point mass in 0.6 which corresponds to the case
of constant recovery. As expected the spreads of the lower tranches increase
with a decreasing recovery-rate variability while the spreads of the higher
tranches decrease. For tranches 2 - 4 the behaviour of the Gaussian and the
Gumbel model is very similar, i.e. the tranche spreads are almost parallel.
Only for the first and the fifth tranche there are significant di[erences. For
the Gumbel model the first tranche reacts more sensitive to changes in the
shape of the recovery-rate distribution. In contrast, the fifth tranche in the
Gaussian copula model is subject to larger changes if the parameter of the
recovery distribution varies.
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Figure 7: Upfront payment and tranche spreads for Gauss and Gumbel
model and o, gp in dependence of a (02/05/2008).
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In addition to the sensitivities of the tranche spreads to changes in the model
parameters, one thing that is especially of interest for investors in a tranche
is the impact of changes in the spread level of the portfolio CDS on the
spread levels of each tranche. Buying protection in the portfolio CDS such
that the position in a certain tranche of a CDO is insensitive to changes in
the level of the portfolio-CDS spread is called delta hedging. To be more
precise, the delta of a tranche with respect to the portfolio CDS is defined
as the ratio of the change in the spread of the respective tranche to that of
the portfolio CDS. Typically a shift of 1 bp is applied to the portfolio-CDS
spread. Assuming constant discount factors, this shift in the portfolio-CDS
spread leads to a change in the default intensity, which influences the values
of the dilerknt CDO tranches. Figure 8 shows the deltas for all tranches
in the Gauss and Gumbel model at 02/05/2008. The results for all other
considered dates are very similar and therefore omitted here.

0%-3% 39%-6% 69%-9% 9%-12% 1296-22%

Figure 8: Delta w.r.t. portfolio CDS for dilerknt tranches in Gauss and
Gumbel model (02/05/2008).

It can be easily seen that the hedge ratios remain almost the same regardless
of a deterministic or stochastic modelling of recovery rates. In comparison
to the Gaussian model, the Gumbel model features higher deltas for the first
tranche and lower deltas for all other tranches. On average, the delta of the
first tranche is 25% higher in the Gumbel model while the delta of tranche
2 is 20% lower. For tranches 3 - 5 the Gumbel model exhibits deltas that
are on average 35% lower than in the Gaussian model.

Another hedging approach for CDO tranches is to hedge the first with the
second tranche, which is also sometimes called mezzanine-equity hedging.
The corresponding hedge ratio between the two tranches is simply defined
as the ratio of the delta of tranche 1 to the delta of tranche 2, both with
respect to the portfolio CDS. On average the hedge ratios in the Gumbel
model are 60% higher than those in the Gaussian model. According to the
Gumbel model for both deterministic and stochastic recoveries the notional
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of the second tranche has to be 3 - 4 times higher than the notional of the
first tranche. In the Gaussian model the notional of the second tranche
only has to be 1.5 - 2 times the notional of the equity tranche. All the
delta hedging results presented here are in line with the results of Masol
and Schoutens (2008) who compare hedge ratios of di Lerknt one-factor Lévy
models to those of a Gaussian model.

7 Base Correlation

Similar to the equity market, where it has become standard to quantify the
prices of equity options in terms of implied volatility, it has become standard
to quantify the spreads of CDO tranches in terms of implied correlation, es-
pecially in terms of base correlation as introduced by O’Kane and Livesey
(2004). In contrast to the concept of compound correlation, where for each
tranche the correlation is chosen such that market and model spread coin-
cide, the concept of base correlation decomposes each tranche into combi-
nations of base tranches, i.e. tranches without subordination covering some
interval [0, u]. Using the observation that being long a tranche [I, u] coincides
with a long position in [0, u] and a short position in [0, I], the base correlation
of tranche j, j =2,...,J, can be calculated in an recursive algorithm from
the previously computed base correlations and the market spread of tranche
Jj. The base correlation of the equity trance (J = 1) coincides with the
compound correlation of this tranche. Though being less intuitive, base cor-
relations are more frequently used in practice than compound correlations.
One reason for this is the fact that each base correlation only depends on
its detachment point. This facilitates the pricing of non-standard tranches
via interpolation. Since the Gaussian base correlation introduced in O’Kane
and Livesey (2004) has some drawbacks (correlation skew, sensitivity to in-
terpolation scheme), the concept of base correlation has been extended to
other models not relying on Gaussian distributions (see e.g. Hooda (2006)
or Garcia et al. (2007)).

To define a base correlation® curve in the presented modelling framework, i.e.
Bin(uj), J = 1,...,5, the outer copula parameter 6,y is chosen to coincide
with the estimate from the global calibration in Section 6. Alternatively,
Bout could also be set to the same fixed value for all days and time horizons,
but since 6,4t < 6in has to be claimed this would imply a rather low level for
Bout and hence a low level of correlation between default rates and recovery
rates. Then, one can proceed similar to the Gaussian base correlation case
as in O’Kane and Livesey (2004) and subsequently bootstrap the default
correlation parameter for each base tranche. In the case of deterministic

3Although 8 is in the case of Archimedean copulas not the correlation coe [Cieht, the
term base correlation is used here for the sake of simplicity when describing a curve of
dependence parameters driving the default correlation for di Cerent detachment points.
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recovery rates, one can start directly with the bootstrapping.

Table 4 and Figure 9 show the base correlation curves in the Gaussian
and Gumbel copula model both with and without stochastic recoveries at
02/05/2008 (the results for the other days can be found in Appendix C).

Table 4: Base correlations 6i(uj) for 02/05/2008.
\ | 3% | 6% | 9% | 12% | 22% |
Gadet | 0.34 | 0.46 | 0.54 | 0.59 | 0.73
Gasto | 0.28 | 0.41 | 0.49 | 0.54 | 0.68
Gudet | 1.26 | 1.27 | 1.29 | 1.30 | 1.40
Gusto | 1.19 | 1.19 | 1.19 | 1.20 | 1.23

Figure 9: Base correlations 8;,(u;) for dilerent models with deterministic
and stochastic recoveries (02/05/2008).

While the di[erence in the base correlation curves for the Gaussian model is
an almost parallel downward shift, the Gumbel base correlation curve with
stochastic recovery rates is not only significantly lower but also significantly
flatter than the curve in the case of deterministic recoveries. As said above,
this property is especially useful for the pricing of non-standard tranches
using an inter- or extrapolation scheme of the base correlation curve.

8 Conclusion

In this article, a framework for the joint modelling of default and recov-
ery risk in a portfolio of credit risky assets was presented, which espe-
cially accounts for the correlation of defaults on the one hand and cor-
relation of default rates and recovery rates on the other hand. Nested
Archimedean copulas were used to model dilerent dependence structures
for default correlations and the correlation of default rates and recovery
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rates. The Kumaraswamy distribution, a very flexible continuous distribu-
tion with bounded support, was chosen for the recovery rates to allow for
an e Lcieht sampling of the loss process. This is especially important, as in
most cases the loss-process distribution will not be given in closed form. Due
to the relaxation of the constant 40% recovery assumption and the negative
correlation of default rates and recovery rates, this modelling framework is
especially suited for distressed market situations and the pricing of super
senior tranches. In a numerical example the calibration to CDO tranche
spreads of the European iTraxx portfolio was performed to demonstrate the
fitting capability of the model. Already in a very simplistic setting of the
model, the introduction of stochastic recovery rates consistently decreases
the pricing errors compared to the case of deterministic recovery rates. The
best calibration results were achieved when the dependences are modelled by
a Gumbel copula. In an extension to the Gaussian base correlation frame-
work, significantly flatter base correlation curves could be obtained by using
a Gumbel copula and stochastic recovery rates, which simplifies the pricing
of non-standard tranches.
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A Proof of Theorem 1

Proof.

1. The default correlation of any two obligors k and I is given by

p() = Cor(Ly<tys Liy<ty)
Q(k =ty <t) —p(t)
PO = p(®)

Q UP =p(t),UP =p(t) — (1 —np(t)?
p(H(1 — p(1))

Ci,1(p(t), p(t)) + 1 — 2p(t) — (1 — p(t))?
p(H(1 — p(t)

Ci,1(p(t), p(t)) — p(t)

p(H(L — p(t)
per1 ¢~ [20(p(1)] — p*(t)
pOA—p®)
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Further, using p(t) 504 yields (see, e.g., McNeil et al. (2005))

, _ i Cki(P(D),p(0) +1—2p(t) _1—p(t) _
G TG T R

— Au

. Using the fact that the expected recovery in case of a default event
is the same constant for all obligors, i.e. E[Rj|tTi =t] = Rconst, One
obtains

1
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—1
1-Rconst

= p(t)(1 — Reonst)
with Reonst denoting the expected recovery in case of default.

. Applying the conditional independence approach as used, e.g., in The-
orem 10.5 in Schonbucher (2003) yields

ADEP
]
= Q L(t) =x|V,VP vt dG(v)dGP (v P)ydGt(vh).
with L(t) = Il ii:1 1i4<yyLGDj, V. [CQ denoting the mixing vari-
able from step 1 in Algorithm 2, and VP @GP and V- G- the
mixing variables from the call of Algorithm 1 in step 2 in Algorithm
2. Conditioned on the mixing variables V, VP, and V \ the triggering

variables UP, UL, i = 1,...,1, are independent and so are Tt; and
LGD;, i = 1,...,1. Using the law of large numbers, one gets for
I — OO

—

—||_\

- Q = D 1 LI:I
1{Ti§t}LGD. S p(t,V,VE)E LGDq|V,V
i=1

with p(t,V,V P) denoting the conditional default probability. Hence,
L] b LY Dy Dyl L

Q L) =x|V,VZ, V- dG(V)dG"(V-)dG-(V ")
[

= Lipev.v DY E[LGD, v.v Lj<xy AG(V )AGP (V P)dGH (v ).
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According to Algorithm 2,
1 I I 111

_ 1 _
Unk = ¢g* —vlo‘él ont _V—D|09(Xk)
with X, CUThif[0, 1]. Hence,
]
p(t,v,vP) = Q£>t|v =y,vP =\P
= Unk < p(®OIV =v,vVP =P
Q Yye r_g(ll)l - :llv (Tl 1
= Q ¢51 _;|09 ¢E1 _Emg(xk) = p(H)
1

_ Q Xk < evaq)h(e_Vq)O(p(t)))

— e,VD bp (e VPo(P(D)) '

B Detailed Calibration Results

In this section, the calibration results for all five trading days (22/02/2008,
31/03/2008, 02/05/2008, 27/06/2008, and 25/07/2008) on which the model
was tested are presented. Table 5 contains the calibration results for the
portfolio-CDS model, Table 6 the calibration errors, Table 7 the calibrated
parameters, and Table 8 the default correlations and average correlations
between default rates and recovery rates.

Table 5: Portfolio-CDS calibration.
‘ Date ‘ SpCDS,market ‘ A 5(1) ‘ 5(5) ‘
22/02/2008 124.56 0.0207 | 2.05% | 9.85%
31/03/2008 122.29 0.0204 | 2.02% | 9.68%
02/05/2008 63.74 0.0106 | 1.06% | 5.17%
27/06/2008 106.52 0.0178 | 1.76% | 8.49%
25/07/2008 91.64 0.0153 | 1.52% | 7.35%

C Detailed Base Correlation Results

In Tables 9 - 12 the base correlation curves at 22/02/2008, 31/03/2008,
27/06/2008, and 25/07/2008 are presented. Similar to Section 7 the di [ert
ence in the base correlation curves for the Gaussian model with deterministic
and stochastic recovery rates is an almost parallel downward shift. For the
Gumbel model the base correlations in the case with stochastic recovery
rates are significantly smaller and flatter than in the case with deterministic
recovery rates.
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Table 6. Absolute and relative calibration errors.
Ga Gu opC
D, | D | D, | D | D, | D
det | 668.96 | 53.80% | 133.51 | 10.74% | 121.24 | 9.75%
22/02/2008 | 1, | 500,83 | 47.50% | 70.92 | 5.70% | 80.61 | 6.48%
det | 972.54 | 86.87% | 277.01 | 24.74% | 295.50 | 26.40%
31/03/2008 | 15 | 903.76 | 80.73% | 189.66 | 16.94% | 191.93 | 17.14%
det | 411.87 | 77.67% | 68.15 | 12.85% | 80.26 | 15.13%
02/05/2008 | ' | 390.86 | 73.70% | 37.18 | 7.01% | 48.43 | 9.13%
det | 85159 | 94.04% | 277.37 | 30.63% | 285.39 | 31.51%
21/06/2008 | 1, | 788.92 | 87.10% | 197.14 | 21.77% | 218.71 | 24.15%
det | 676.09 | 80.96% | 157.05 | 18.81% | 165.26 | 19.79%
25/0772008 | oo | 624,57 | 74.80% | 86.46 | 10.35% | 124.17 | 14.87%
Table 7. Calibrated copula parameters.
Ga Gu opC
Bin ‘eout Bin ‘eOUt Bin ‘eOUt
det | 062 175 L.79
22/02/2008 | oty | 052 | 0.54 | 1.09 | 1.68 | 1.49 | 1.50
det | 0.46 1.49 147
31/03/2008 | 15 | 0.38 | 0.38 | 1.17 | 1.38 | 1.30 | 1.30
det | 0.34 1.26 1.25
02/05/2008 | 15 | 0.24 | 0.28 | 1.11 | 119 | 1.16 | 1.16
det | 050 152 1.50
2110672008 | o1 | 0.41 | 0.42 | 1.16 | 1.40 | 1.33 | 1.34
det | 0.5 142 141
25/0172008 | 15 | 0.36 | 0.37 | 1.17 | 1.31 | 1.27 | 1.28

Table 8: Default correlation and average correlation between default rates

and recove ry rates.

Ga Gu opC

pG) | 42RG) | pGB) | i2RE) | pG) | APR()
2200272008 | O | 3k | i aron | a7 4096 | -10.00% | 402596 | 72.50%
31/08/2008 | S 17000 | i3m0 | 35 80% | 36,125 | 20 4396 | -67.82%
02/05/2008 | I | " Ceon | a3 3530 | 20 66 | 20,035 | 16,4096 | -43.39%
21/06/2008 | (01 12 Soon | 57306 | 35,0096 | 52,135 | 31,8156 | -65.20%
2500772008 | S| 14700 | o1 5590 | 20 40% | 37,0450 | 27,0456 | -60.33%
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Table 9: Base correlation 6in(uj) for 22/02/2008.
| | 3% | 6% | 9% | 12% | 22% |
Gadet | 0.62 | 0.71 | 0.75 | 0.78 | 0.86
Gasto | 0.54 | 0.64 | 0.68 | 0.72 | 0.81
Gudet | 1.75 ] 1.80 | 1.82 | 1.84 | 2.06
Gusto | 1.68 | 1.72 | 1.72 | 1.73 | 1.88

Table 10: Base correlation 6i(uj) for 31/03/2008.
\ \3%\6%\9%\12%\22%\
Gadet | 0.46 | 0.59 | 0.66 | 0.71 | 0.84
Gasto | 0.38 | 0.52 | 0.59 | 0.65 | 0.80
Gudet | 149 | 155|158 | 1.62 | 1.94
Gusto | 1.38 | 1.42 | 1.44 | 1.47 | 1.66

Table 11: Base correlation 6in(u;) for 27/06/2008.
| | 3% | 6% | 9% | 12% | 22% |
Gadet | 0.50 | 0.62 | 0.69 | 0.74 | 0.87
Gasto | 0.42 | 0.55 | 0.63 | 0.69 | 0.83
Gudet | 1.52 | 1.57 | 1.62 | 1.67 | 2.08
Gusto | 1.40 | 1.44 | 1.46 | 1.50 | 1.78

Table 12: Base correlation 6i(u;) for 25/07/2008.
| | 3% [ 6% | 9% | 12% | 22% |
Gadet | 0.45 | 0.56 | 0.63 | 0.68 | 0.81
Gasto | 0.37 | 0.49 | 0.56 | 0.62 | 0.77
Gudet | 1.42 | 1.45 | 1.47 | 1.50 | 1.72
Gusto | 1.31 | 1.32 | 1.33 | 1.34 | 1.46
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